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Abstract: A set of four factorizable non- relativistic S-matrices for a multiplet of 
fundamental particles are defined based on the i?-matrix of the quantum group defor- 
mation of the centrally extended superalgebra su(2|2). The S-matrices are a function of 
two independent couplings g and q = e^'^^^ . The main result is to find the scalar factor, 
or dressing phase, which ensures that the unitarity and crossing equations are satisfied. 
For generic ((7, k\ the S-matrices are branched functions on a product of rapidity tori. 
In the limit /c — )■ 00, one of them is identified with the S-matrix describing the magnon 
excitations on the string world sheet in AdSs x S*^, while another is the mirror S-matrix 
that is needed for the TBA. In the (7 — ?■ 00 limit, the rapidity torus degenerates, the 
branch points disappear and the S-matrices become meromorphic functions, as required 
by relativistic S-matrix theory. However, it is only the mirror S-matrix which satis- 
fies the correct relativistic crossing equation. The mirror S-matrix in the relativistic 
limit is then closely related to that of the semi-symmetric space sine-Gordon theory 
obtained from the string theory by the Pohlmeyer reduction, but has anti-symmetric 
rather than symmetric bound states. The interpolating S-matrix realizes at the quan- 
tum level the fact that at the classical level the two theories correspond to different 
limits of a one-parameter family of symplectic structures of the same integrable system. 



1 Introduction 



The AdS/CFT correspondence has many facets and its underlying integrabihty is one of 
the most remarkable. On the string side this manifests as the integrabihty of the 1 + 1- 
dimensional QFT on the string world-sheet. The integrabihty allows one to write down 
the exact S-matrix for the scattering of magnon degrees-of-freedom: see for example 
the series of review articles [1] and references therein. This S-matrix theory is actually 
non-relativistic due to the way that the symmetries of the world-sheet theory are fixed. 
The S-matrix has an underlying Yangian symmetry associated to two copies of the 
centrally extended Lie superalgebra f) = p5u(2|2) x M^, just like the S-matrices that 
describe the (relativistic) principal chiral models in 1 + 1-dimensions are associated to 
the Yangian of a product of two ordinary Lie algebras. The Yangian structure is not 
easy to describe but one knowns from the example of the principal chiral model that 
the symmetry structure can be deformed into something more manageable, namely a 
quantum group t/g(f)). At the level of the S-matrix the g-deformation involves replacing 
the rational i?-matrix that describes the magnons by the trigonometric one constructed 
in [2]. This g-deformed version of the magnon scattering theory can be viewed as the 
quantum analogue of the classical fact that the symplectic structure of the integrable 
system can be continuously deformed. The deformed theory now depends on two 
coupling constants: g the original coupling of the magnon theory that corresponds 
to the 't Hooft coupling of the dual gauge theory and the new quantum deformation 
parameter q. The magnon theory with the Yangian symmetry is then obtained in the 
rational limit g — i- 1. Another interesting limit is to take g ^ oo keeping q fixed [3]. 
This was shown in [4, 5] to lead to the quantum S-matrix theory of the relativistic 
semi-symmetric space sine-Gordon theory. This latter theory is known to be classical 
equivalent to the string world-sheet theory via the Pohlmeyer reduction but has a 
different symplectic structure (for work on the Pohlmeyer reduction in this context see 
[6-24]. The relativistic S-matrix theory was studied in some detail in [5] and the S- 
matrix was shown to fall into a class of S-matrix theories associated to afiine quantum 
groups, in this case for the superalgebra su(2|2). 

The aim of the present paper is to consider the S-matrix of the interpolating theory, 
that is for g and q generic, although we take g to be a complex phase. In particular, 
the scattering of the fundamental states is governed by a product of two of the R- 
matrices of [2] but in order to make a consistent S-matrix this must be multiplied by 
an overall scalar factor. In the string limit, this is the famous "dressing phase" which 
took a lot of work to completely pin down in the magnon theory [25-42]. The main 
result we present is the dressing phase which incorporates the g deformation. This 
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then determines the S-matrix elements of the interpolating theory for the fundamental 
states. In this discussion it will be important for us to consider both the original magnon 
theory and the so-called "mirror theory" . This latter theory arises as the double Wick 
rotation of the world-sheet theory and is the version of the theory that is relevant for 
formulating the Thermodynamic Bethe Ansatz [43-48]. The mirror S-matrix is simply 
the original S-matrix but with a different physical region and therefore a different set 
of bound-state poles. This turns out to be crucial for our analysis. 

The next problem — and one that is not addressed here — will be to find the complete 
set of bound states of the fundamental states and build up the complete S-matrix by 
using the bootstrap equations. An important part of this programme has already been 
completed in a recent paper [49] which showed that the i?-matrix for the bound states is 
determined completely by the quantum group symmetry. In [5], it was conjectured that 
the S-matrix theory was most naturally defined with q being a root of unity q = e^'^l^ ^ 
with a positive integer k. The spectrum of bound states then consists of a finite 
set of k atypical, or short, representations of the quantum group. The bound-states 
correspond to symmetric representations in the original S-matrix and anti-symmetric 
representations in the mirror. The infinite set of bound states is then recovered in 
the /c — 7- oo limit. In this regard, it could be that the interpolating theory provides a 
manageable way to regularize the spectrum of the theory. 

This paper is organized as follows. In section 2, we discuss the dispersion relation in 
the interpolating theory. This naturally describes an elliptic curve whose uniformization 
leads to the generalized rapidity. We show how the relativistic limit corresponds to a 
situation where the elliptic curve degenerates to the familiar rapidity cylinder of a 
relativistic theory. In section 3, we write down the S-matrix for the fundamental states 
of the interpolating theory based on the i?-matrix of [2]. In section 4, we consider 
the unitarity and crossing constraints which are key to pinning down the dressing 
factor. Particular attention is paid to how the crossing symmetry equation behaves 
in the relativistic limit. In the interpolating theory there are two possible definitions 
of crossing symmetry depending on which direction is chosen for the shift by a half 
period on the rapidity torus. However, with the choice made by the world-sheet theory 
it is only the mirror version that gives the correct crossing equation in the relativistic 
limit. Section 5 is devoted to the construction of the dressing phase which mirrors very 
closely what happens in the magnon theory. In general this quantity has a complicated 
analytic structure since it is a branched function on the rapidity plane. However, we 
show how the branching disappears in the relativistic limit to give a meromorphic 
function as expected and required by relativistic S-matrix theory. Section 6 is devoted 
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to a discussion of the bound-state poles of the S-matrix. We show that there is a natural 
set of vertices that are associated to bound-states transforming in a set of atypical short 
representations of the quantum group symmetry. 

2 The Dispersion Relation and Rapidity Torus 

In a relativistic theory, particle states have an energy and momentum that satisfy the 
familiar dispersion relation E"^ = + m^. If we solve this for the energy then we 
have E = ±a/p^ + meaning that there is a branched double cover of the complex 
momentum plane. Of course physical particle states have real p and positive energy 
E. For many purposes, particularly for S-matrix theory, it is convenient to find a 
uniformizing parameterization which removes the branch points. This is achieved by 
introducing the rapidity 6 with E = m cosh 6' and p = msinh6'. As a complex variable, 
6 takes values on the rapidity cylinder < Im^^ < 27t and physical values correspond 
to imposing the reality of 6. In a relativistic factorizable scattering theory, the 2- 
body S-matrix S{6) is a meromorphic function on the infinite un-branched cover of the 
rapidity cylinder, that is the (relative) rapidity plane 6 = 6i — 62- The region for which 
< Im6' < TT, the physical strip, plays an important role since any poles in this region 
correspond to bound state processes or anomalous thresholds. 

Turning to the non-relativistic S-matrix theory that describes the interpolating 
theory, the analogues to the dispersion relation and rapidity are a good deal more 
complicated. In fact we do not know a priori in the interpolating theory what are 
the energy and momentum of states, all we know is that the fundamental one particle 
states of the theory are labelled by a pair of variables 5;^ that satisfy the the non-trivial 
constraint equation [2] 



In the above, we should view g, a positive real number, and g, a complex phase, as 
two independent couplings. It is more convenient to work in terms of the shifted and 
re-scaled variables defined in [50]: 




(2.1) 





(2.2) 



where 




(2.3) 
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The deformation parameter q will be taken as the complex phase 



q = exp 



k eR>0 . 



(2.4) 



With the choice above both g and ^ are real numbers with g > and < ^ < 1. In 
terms of the new variables, (2.1) becomes the more aesthetic 



(2.5) 



In terms of the representation theory of t/q(f)), the 3 central charges are determined by 
x^. Following [50], we define the two quantities 



= q- 



V'^ = q 



1 



ix- + 1 



(2.6) 



where the equalities follow from the dispersion relation (2.1). Then the three central 
charges are 



c 



V 



P = ga{l - U'V 



K = ga~\V 



U 



-2> 



where a is a constant. These charges are related via 



[C]l - PK 



rli2 



(2.7) 



(2.8) 



and we have defined [x\q = {q^ — q ^)/{q — q ^)- This is precisely the shortening 
condition for the atypical fundamental 4-dimensional representation of Ug{i)). 

One advantage of the variables x^ is that the antipode map (eq. 2.73 of [2]) of 
the quantum group which is crucial to the crossing symmetry of the S-matrix is now 
particularly simple because it does not depend on q: 



s{x) 



1 

X 



(2.9) 



Just as in the magnon case, we can solve the constraint (2.5) in terms of a param- 
eterization of x^. To this end we introduce the map x{u) defined by 



X ^ ^ \gj 



(2.10) 
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The pre-factor multiplying j^^^g i^qq^ chosen for the convenience of taking partic- 
ular limits, but can always be absorbed by an additive shift in u. Note that x{u) has 
square root branch points at u± where 

q'''-^ = (^l^\^Tl)\ (2.11) 

and x{u + iO^) = l/x{u — iO~^) along the branch cut which we denote u G C. The 
two branches of x{u) are distinguished by \x{u)\ ^ 1 and the image of a contour that 
encircles the branch cut is the unit circle = 1. 

Given the map x{u), we can then solve (2.5) by taking 

x^ = x(u±'-^ . (2.12) 

A function f{x^,x^), with x'^ and x^ subject to the dispersion relation (2.5), takes 
values on a 4-fold cover of the cylinder u ^ u + ik in the complex u plane corresponding 
to the four possibilities for ^ 1. Following [39], we will denote these sheets as: 



n±2 : 


\x~^ 


1 < 1 , 


\x^ 


< 1 , 


7^l : 


\x'^ 


I<1, 


\x^ 


> 1 , 


7^o : 


\x^ 


I>1, 


\x~ 


>1, 


7^_l : 


\x^ 


I>1, 


\x~ 


<1, 



(2.13) 



and it will be useful to think of the label as defined modulo 4 so that Tl-2 = T^2- This 
4-fold covering defines the rapidity torus of the interpolating theory and is illustrated 
in figure 1. The four branches are joined by branch cuts located along = 1. Since 
the topology is a torus there are non-trivial cycles. For instance if we start on the sheet 
TZq, there are two inequivalent ways to reach the sheet 7l±2. The first involves crossing 
the cut \x~^\ = 1 to the sheet TZi. Then one crosses the cut = 1 to reach the sheet 
7^2- The other path involves crossing the cuts in the other order, first = 1 then 
\x~^\ = 1 thereby passing through the intermediate sheet TZ^i. The distinction between 
these two paths will become central in the discussion of crossing symmetry. 

There are two particular limits of interest: 

(i) The string limit: obtained by taking g — )■ 1 or A; — oo. In this limit, g ^ g 
and ^ — )■ 2'Kg/k and so ^~ig-2i« _^ _k_ _|_ ^ ^j^^ map x{u) is determined by 

1 u 
X H — = — 
X g 
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(2.14) 



7^_t2 : |x+| < 1 , Ix^l < 1 



TZi : < 1 , > 1 



7^0 : l^^^l > 1 5 |x I > 1 



TZ-i : > 1 , |x I < 1 




-2m 



X I = 1 



X+l = 1 



Figure 1. The rapidity torus realized as a 4- fold cover of the cylinder parameterized by 
q-'iiu^ The top and bottom cut are identified. 



In this case the branch cut C runs between u± = ^2g. In this limit, we know that the 
physical momentum and energy are 

P 



-i lot 



E 



9 



x~ 



1 



X + 



1 



(2.15) 



and physical values of the parameters, that is p and E real, are obtained when x~^ = 
{x~)* which corresponds to m G M. A physical particle must have E > which restricts 
one to the Riemann sheet TZq and if we require positive momentum then m G M > 0. In 
this limit, the figure 1 still applies but now for the w-plane where the cuts corresponding 
to = 1 are parallel. Note that the expressions for the energy and momentum in 
terms of x^ above are modified in the mirror magnon theory [47]. 



(ii) The relativistic limit: obtained by taking — )■ oo, in which case g — )■ 
if)-^ ai 
and oo, and 



(2 sin |) ^ and ^ — )■ 1. In this limit, the branch points u± — )■ ±oo, that is q — )■ 



X[U] 



-1 



2g sin f 



(2.16) 



which is the relativistic parameterization used in the soliton S-matrix of [5], when we 
identify the relativistic rapidity as 
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--j:U magnon, 
-u mirror, 



(2.17) 
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up to a constant additive shift of u that cancels out from the S-matrix in the rela- 
tivistic limit since the latter depends only on the difference 61 — 62. The fact that 
the identification (2.17) differs in the ordinary and mirror theories by a minus sign 
is, as we shall see, crucial. In this limit, the branch points u± move out to ±00 and 
the branch cut C becomes the line Imu = modulo k. In the pi^ne in figure 1 
the left-hand branch points of the cuts |a;^| = 1 both coalesce at the origin while the 
right-hand branch points move out to infinity and the covering becomes un-branched. 
In this limit, taking the plus sign in (2.16), the 3 central charges are 



C 



0. 



P 



-a 



K 



a 



-1 



(2.18) 



-I q 



with ± here corresponding to the sign in (2.17), so that P and K become identified with 
the null components of the 2-momentum and the shortening condition (2.8) becomes 
the familiar relativistic mass-shell condition. 

Another potentially interesting limit is obtained by taking g ^ 0, giving g ^ g 
and ^ — >■ 2(7 sin |. In this case. 



x{u) 



1 



2g sin 



g-2m _ ^ 



(2.19) 



This limit is discussed in [50] and should also lead to a relativistic S-matrix although 
we will not consider it further here. 

We have argued that the 4- fold cover of the u cylinder u ~ u+ik on which functions 
f{x^,x~) with subject to (2.5) take values is an elliptic curve. In Appendix A, we 
show how to uniformize this curve to find the generalized rapidity z, which takes values 
on the complex plane modulo periodicities in two independent directions: 



z ~ z + 2muJi + 2nu2 



(2.20) 



In the relativistic limit, after a suitable re-scaling the period cui diverges and 002 remains 
constant which manifests the degeneration of the rapidity torus to the relativistic ra- 
pidity cylinder. We remark that the rapidity z itself is not such a useful coordinate in 
the non-relativistic interpolating S-matrix theory because the 2-body S-matrix is not 
simply a meromorphic function on a product of two rapidity z-planes. In fact, the S- 
matrix turns out to take values on a branched cover of the rapidity plane which defines 
an infinite genus Riemann surface. So although z uniformizes the dispersion relation 
itself it does not uniformize the S-matrix. Nevertheless we find it useful to write the 
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rapidity dependence of quantities in terms of z where appropriate. We note that the 
antipode operation involves a shift by a half period: 

s{x^{z))=x^{z\euj2) = , e = ±l; (2.21) 

in particular, s : — )■ TZn±2, a fact that will be important for the discussion of 
crossing symmetry. 



3 The Interpolating S-matrix 



The S-matrix is constructed using a product of two copies of the fundamental i?-matrix 
of the quantum group deformation of the triply extended superalgebra f) = psu(2|2) xM^ 
in [2], with the central extensions identified. Each particle multiplet is 4x4 dimensional, 
and carries a product of two of the four-dimensional fundamental representations of the 
algebra, denoted (0,0) in [2]. 

For completeness we now write down the fundamental i?-matrix in terms of the 
new coordinates x^} The four states, two bosonic and two fermionic, are denoted 
I'ip"')}, a = 1,2. Here, we write down the related matrix R = P ■ R where P is 
the graded permutation matrix 

%i,^2) : Vi(^i)® Vi(^2) ^ Vi(^2)® Vi(^i) , (3.1) 

where Vi{zi) is the 4-dimensional module spanned by the basis {"ip"")}- We then 

have 

<P ) = — 2 I 1 ) + 2 I 1 \^ ^ ) + T^-^ F ^ / - T^-^ F ^ / ' 

I / q2 _^ I \ I _|_ 1 I / 1 _|_ I / X + g"' ' ' 



R 



2,i\ ui^2\ , q^B^A I 2^1^ qC I 1 2\ , (l^C I 2 ;1\ 

/ Q,^ _|_ ]_ I / Q,^ _|_ ]_ I / X + ' ' 1 + O"^ ' ' 



+ 1 ' " " ' + 1 ' ' ' ' 1 + g^ ' ' " ' 1 + g^ 

I / _|_ X I / g2 _|_ X I / X + g^ ' ' 1 + g^ ' ' 

(3.2) 



""^ These are related to in the reference [2], which earher we denoted as i^, as in (2.2). 
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The functions A to L are defined in [2] as A12 to L12 (with = 1) with respect to 
the original parameters xf. In terms of the new parameters xf, we have^ 



1 



U2V2 X2 - xf ' V - x-^ X2 - z= 

1 - 



C = F = ^{1 + g-2) f^y^' . . V(4-^r)(4-^2) ^ 

\U2V2/ X2 ^ X2 ~ xf ' 

1 + a;^ - x^" ^2" - ^ (3.3) 



£) = -!, E = -1 



2T/2 ^- ^+ ^- L ' 

x7 



uivi X2 -xj X 

-1 /9 1 J 

9 



^ ^-1/2 1 a:^ - a:^ H = K= / ^i^i V(a^| - a^i )(3:^ - ) 

^^2^2 X2 - X]^ ' V t/2V2 X2 - xf 



Ob r\ X -I 



The S-matrix takes the form expected for a theory with a product Uq{i)) x f/g([)) 
symmetry^ 

^(;^l, ^2) = ^ ■ 4^^^ ■ i?(^l, Z2) ®gr i?(^l, ^2) , (3.4) 

U2 a[Zi,Z2) 

where Z{zi, Z2) is a scalar factor which compensates for the fact that the product of two 
R{zi,Z2) matrices would have a double pole at xf = X2 and this should be a simple 
pole since it corresponds to the s-channel bound state transforming in the short, or 
atypical, symmetric representation (1,0) of f/g(f)):^ 

^(^i,^2) = ^^^- T' ■ (3-5) 

2 1 1 2 

In (3.4), the tensor product respects the fermionic grading of the states. The multipli- 
cation by the factors involving Ui in (2.6), 

i 

^Note that in terms of the coordmates the quantity 7 defined in [2] is —iaq^/^UV {x+ — x~) 
where a is a constant that cancels out of the S-matrix. 

■^Similar to the principal chiral model which has a G x G symmetry. 

^When we make a statement like this we always mean a product of two of these representations, 
one for each [/^(f)) factor. 
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is needed so that the dressing factor a{zi,Z2) agrees with the definition in [39, 40, 42] 
when the magnon hmit is taken. 



Notice that once multiphed by Z{zi,Z2) the product of two R{zi,Z2) matrices also 
has a simple pole at = a:^ . This is not on the physical sheet for the magnon S-matrix 
but becomes the s-channel bound-state pole for the mirror S-matrix. It corresponds to 
the bound state transforming in the short, or atypical, anti-symmetric representation 
(0, 1) of Uq{[)). It is important to note that the S-matrix of the mirror theory is just an 
analytic continuation of the S-matrix of the magnon theory, the difference lies in the 
definition of the physical values of rapidity and the physical sheet and consequently the 
bound states and bootstrap are different. 

To fix our conventions, we write down the S-matrix in the so-called su(2) and s[(2) 
sectors in the string limit. ^ These algebras are the bosonic subalgebras of (complexified) 
su(2|2) under which (f)"- transform as (1,0) and ip"" as (0,1).^ The S-matrix element 
for the "su(2) sector" corresponds to the particular element Zi) ® Z2) — ?• 

c f _ Z{zi, Z2) . ,2 

6.u(2)(^l,^2)-^-^^^^-A(^l,^2) 



12 1 2 



a{zi,Z2y X1X2 xf — X2 1 
1 xfx2 Ui — U2 — i 



(3.7) 



a{Zi,Z2y X1X2 UI-U2+1 



This form manifests the s-channel pole at Xi=X2, or ui —U2 = —i on the sheet 7^o,o- 
The fact that this pole appears in the symmetric channel of the (two copies of) su(2) C 
su(2|2), identifies the bound state as the atypical symmetric (1,0) representation of 
su(2|2). On the other hand, for the "s[(2) sector" corresponding to the particular 



^ Since there are many different conventions in the hterature — a can be in the denominator or 
numerator and xi can be swapped with X2 — appendix B provides a discussion of how our conventions 
relate to other relevant works. 

^The representations are labelled with (2ji,2j2)- 
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element \ip'^ip°-] zi) (8> \ip""ilj"'; Z2) — > \ip°-ip"-] Z2) ® zi), we have 




(3.8) 



matching eq. 1.2 and 1.4 of [44] (with a re-scahng of u). This form manifests the mirror 
s-channel pole at = X2 , or ui — U2 = i which lies off the physical sheet for the 
magnon theory. Note that in this case in the bosonic sector for each su(2|2) factor 
the bound state couples to the anti-symmetric channel ® l^''). For instance, the 
su(2) element in (3.7) involving the symmetric combination (g) does not have 
a pole there. The bound-state representation is then the atypical anti-symmetric (0, 1) 
representation of su(2|2). 

4 Crossing and Unitarity 

In order to have a consistent S-matrix, we need to determine the scalar factor — the 
"dressing phase" — denoted a{zi,Z2) in the last section. It is important to recognise 
that the Zi dependence of a{zi,Z2) does not mean that it is valued on the rapidity 
torus. In fact the dressing phase takes values on an infinite branched cover of the 
rapidity torus. In a relativistic scattering theory things are simpler and the covering 
becomes un-branched. In this case, (t{6i, 62) = cr{6), with 6 = 61 — 62, is a meromorphic 
infinite cover of the rapidity cylinder identified with the complex 6 plane. 

We define S-matrix elements, so that 



Here, = 1, 2, . . . , 16 label states of the 16-dimensional representation formed 

from the product of fundamental representations Vi for each of the two symmetry 
algebras. The unitarity condition requires that^ 



^The following condition is commonly called the "unitarity condition" . However, it does not say 
that the S-matrix is a unitary S-matrix and is perhaps better termed "braiding unitarity" or "i?-matrix 




(4.1) 



Sij^'izi, Z2)S^j^{z2, zi) — 5i6j . 



(4.2) 



Now we turn to the crucial implications of crossing symmetry. The action of 
charge conjugation on particles involves taking the antipode operation on the param- 
eters (2.21), s : — )■ 1/x^. However, this operation requires care because we should 
be mindful of the path followed on the rapidity torus from to the antipode point. 
This becomes clearer if we think of the uniformized variable z. The antipode point 
is at z + uj2i however, this can be reached in more than one way since on the torus 
z + UJ2 = z — U2. Although the i?-matrix and factor Z in (3.5) are periodic on the 
torus, the S-matrix itself is not, due to the dressing phase a{zi, Z2), and so one should 
be careful to distinguish the points z±U2- We will investigate this point in more detail 
below. 

To start with, here is one way to write the crossing relation in a relativistic theory: 

5g(0i,02) = 5g(^2 + ^vr,^O , (4.3) 

where the charge conjugate states are \i,9) = Cii\i,9) with C the charge conjugation 
matrix, and S'(^i, 62) = ^(^^i —62) due to relativistic invariance. This gives the familiar 
form 

SSi9) = Sli^n~9) . (4.4) 

So here the analogue of the antipode operation involves 6 ^ 6 + in for the second 
particle. Of course, as points on the rapidity cylinder, 9 ± irr are equivalent, but the 
S-matrix is not periodic on the cylinder and so the choice matters. The implication 
is that when we consider the interpolating S-matrix the crossing relation will involve 
taking — )■ 1/x^ but implicitly this entails choosing a direction on the rapidity torus, 
either z^z + 002 or z-^z — 002- If we start on the Riemann sheet with > 1, 
that is TZq, then crossing symmetry involves changing to the sheet with |a;^| < 1, that 
is TZ±2- As we explained in section 2 the two directions on the torus correspond to 
crossing the curves = 1 in a particular order, which can also be thought of as the 
choice of which intermediate sheet to cross. The relation with the uniformized variable 
is 

z^ z±U2: 7^o — > 7^±l — > 7^±2 • (4.5) 

unitarity" in the context of quantum groups. The S-matrix axiom of Hermitian Analyticity usually 
guarantees the equivalence between braiding and matrix unitarity. It is known that S-matrices built 
from quantum group intertwiners when g is a complex phase may not satisfy Hermitian Analyticity, 
and naively the present R matrix is no different, as pointed out in [2]. However, Hermitian Analyticity 
only need hold in some particular basis in the one-particle Hilbert space [51], and this basis freedom 
has not been exploited in the present case to give a definitive answer to the question of unitarity. 
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\k,Z2) \l,zi) \l,zi) \3,Z2 + eu2) 




Figure 2. Crossing symmetry of the basic 2-body S-matrix. Note that the right-hand 
diagram is just a ^ rotation of the left-hand diagram. 

In addition, an important point is that for the rapidity torus itself 7^2 is identified 
with 7?._2 but for the S-matrix this identification is no longer valid and the sheets TZ±2 
become distinct. In fact, as we shall see, by analytic continuation and by repeated 
shifts by UJ2 we move out onto an infinite set of sheets TZn for any integer n. Note that 
the interpolating S-matrix, being a function of zi and 2:2, is valued on a product of 
the sheets which is denoted TZm,n- An important subtlety that does not arise in the 
relativistic limit is that the S-matrix will turn out to have branch points and associated 
cuts on some of the sheets. This means that when we write the crossing equations there 
is an implicit choice for the path of the analytic continuation. It is not immediately 
obvious what sign in (4.5) is needed to match (4.3), so for the moment, we will write 
Z2 Z2 + eu2, with e = ±1, and then the analogue of (4.3) is^ 

S^^{zuZ2) = sl{z2 + euj2,z,) , (4.6) 

which is illustrated in figure 2. 

The ^-matrix itself satisfies the unitarity condition 

R^-{z^,z2)R'J,^{z2,z,) = Sf5\ (4.7) 

and the crossing relation 

^g(zi, Z2) = p{z,, Z2)rI{z2 ± u;2, z,) . (4.8) 

^Note that we could equivalently write the crossing equation in the form S^j{9i,92) = 5'*^(02, Oi—in) 
which becomes Sfj{zi,Z2) — S^j{z2,zi — £0^2) instead. This other way of writing the crossing equation 
is equivalent to (4.6) and leads to the same constraint on the dressing phase below in (4.14). 
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The choice of sign here does not matter since the i?-matrix is an honest function on 
the rapidity torus. The charge conjugation matrix is 



/ 

C = 

\ 

and we have defined a function 

p{zi,Z2)=q'^ '^^ 






qi/2 




























_gl/2 








q-i/2 






(4.9) 



(4.10) 



The factor Z{zi, Z2) in (3.4) is also an honest function on the rapidity torus and is 
completely inert with regard to unitarity and crossing, meaning 



Z{zi, Z2)Z{Z2, Zi) = 1 , Z{Zi, Z2) = Z{Z2 ± UJ2, Zi] 



(4.11) 



Putting all the unitarity and crossing relations together means that the dressing factor 
must satisfy the unitarity condition 



a{zi,Z2)(T{z2,Zi) = 1 

and the crossing relation 

a{zi,Z2 + eu2) = U^pizi, ^2)0^(^2, ^1) • 
If we use unitarity and swap zi and Z2, we can write this as 



(4.12) 



(4.13) 



a(zi + eu2, Z2)a{zi, Z2) 



_^ I L_ 



Uip{z2,zi) x-^ + i Xi -X2 1- 



1 ' 



(4.14) 



a form that is favoured in the string theory literature. Above, we have employed the 
identity 



q [xj — X2 



I (1 - -^—A = q{x^ -x^)(l- 



(4.15) 
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which follows from (2.5). In appendix B, we show that (4.14) with e = +1 is equivalent 
to the crossing equation written by Janik [28] and in other subsequent works. In 
particular, in the string limit, ^ 0, the crossing equation (4.14) is precisely the one 
written in both [39], eq. 2.8, and [42], eq. 3.4. 

The crossing ambiguity e 

The particular analytic continuation needed in the magnon theory was made clear 
in [39, 40, 42]. It corresponds to e = 1 in our notation and involves the anti-clockwise 
contour in the Ui plane as shown in the top left figure 3. We also show how this 
contour generalizes in the g~*"i-plane when q ^ 1. Note that with this choice the 
analytic continuation involves the sheets TZqa TZi^ — )■ 7^2,o- The two choices for the 
analytic continuation e = ±1 in the string limit are illustrated in the left-hand figures 
of 3 which shows the contours for the analytic continuation in the Ui-plane. 

The two choices e = ±1 lead to S-matrices with different analytic properties and so 
the choice matters. In particular, the difference is not the usual kind of CCD ambiguity 
that always appears in the S-matrices of integrable theories. The string world-sheet 
theory apparently requires e = +1 and we now argue that once the S-matrices are q- 
deformed and become interpolating S-matrices then only the mirror theory is consistent 
with the relativistic limit. Since this is a key observation, let us lay out the logic of the 
argument seriatim: 

(i) First of all, we have fixed the way that u, or z relates to the relativistic 
rapidity in the g ^ oo limit by taking into account the position of the s-channel 
bound-state pole of the S-matrix which occurs at 

magnon: xt = , Ui — U2 = —i , 

_ I (4.16) 
mirror: Xi = X2, Ui — U2 = i , 

on the sheet 7^o,o- Assuming that the bound state poles continue to lie on the physical 
sheet in the interpolating theory, (2.17) is fixed by the condition that both correspond 

to e = 6,-02 = f. 

(ii) It is clear from figure 3 that the analytic continuation zi ^ zi + euj2 with 
e = 1 involves crossing the cut = 1 first and then = 1 and therefore since 
xf = x(ui±|) the imaginary part of Ui is increasing. Indeed, in top right-hand diagram 
of figure 3 the motion is counter-clockwise and since g-^rwi _ ^2nui/k must be that 
Imwi is increasing. Consequently, in the relativistic limit with the choice e = 1, ImOi 
is decreasing, 6, ^ di — in, in the magnon theory and increasing , 61 ^ di + iir, in 
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e = 1 



Ui 




e = 1 



-2iui 




Xi \ — 1 



xt\ = 1 




£ = -1 



-2iu\ 




Figure 3. The contours for analytic continuation zi — ;> zi + euj2. The top/bottom figures 
show £ = 1/ — 1. The left figures show the situation in the ui plane in the string limit while 
the right figures show the situation near the relativistic limit in the pi^ne where the 

left-hand branch points nearly touch at the origin. In the magnon theory 9i = —irui/k and 
the top/bottom figures correspond to Im^i decreasing/increasing so that in the relativistic 
limit the analytic continuation corresponds to 6\ ^ 6\ — ien. The opposite is true in the 
mirror theory. The left figures show the sheets Tln,o that the contour crosses when starting 
on 7^0,0- 



the mirror theory. Note that in the relativistic limit the left-hand branch points nearly 
touch at the origin forcing the contour to encircle the origin. This implies that moving 
round the contour is equivalent to wrapping the non-trivial cycle of the w/rapidity- 
cylinder. The opposite is true with the choice e — —1. To summarize, the relation 
is 



magnon: 


z ^ z + euj2 <= 


=^ 6 ^ 9 - ien , 


mirror: 


z ^ z + euj2 <= 
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In the relativistic limit, the crossing equation (4.14) becomes 



27V ' 



, , , cosh(^) sinh(^ ± „, , 
smh(|)cosh(| T D 

where the upper/lower sign is for the magnon and mirror cases, respectively. This is 
the correct relativistic crossing equation only if the left-hand side is a (9) a {9 + in); that 
is e = — 1, in the magnon case, and e = 1, in the mirror case. 

If the conventional dressing phase cr is the solution of (4.14) with 6 = 1, let us 
denote the solution with e = — 1 as a. If we take (4.14) with e = —1 and then shift 
Zi ^ Zi + U2 we have 

1 ^+ xf 

= ^^^^^^^^^^^ = ■ -J— ■ ^ . (4.19) 



'•2 



Then multiplying this with (4.14) with e = 1 and using (4.15) gives 

a{zx + UJ2-, Z2)cr{zi, Z2)d{Zi + ^2, Z2)d{Zi,Z2) 

'x2+iV (4-20) 



q ■ 



^2 \^2 +W 1 1 — 



There are two solutions of this equation for a in terms of a which are consistent with 
unitarity. We choose the solution which will imply that if a and its inverse are analytic 
on 7^0,0 then so is a, and vice-versa; namely, 

1 — ^ 

a{zu Z2) = j-ry ■ y r • 4.21 

U2V1 1--^ (r{,Zi,Z2) 

Notice that the pre-factor here has no poles or zeros on 7^o,o- We can then define two 
additional S-matrices by choosing a as the dressing factor rather than a. 

Out of the four possible S-matrices built from the magnon or mirror bootstrap with 
either cr or a as the dressing phase, only the mirror S-matrix with a and the magnon 
S-matrix with a satisfy the correct crossing equation of relativistic S-matrix theory in 
the limit g ^ oo. This is summarized in table 1. 

We can illustrate the difference between the four S-matrices by considering the 
su(2) sector in the string limit. The magnon/mirror S-matrix takes the form (3.7) 



- 18 - 



type dressing s-channel bound states relativistic crossing 



magnon 


a 




= X2 


(n,0) 


No 


mirror 


a 




= X2 


(0,n) 


Yes 


magnon 


a 




= X2 


(n,0) 


Yes 


mirror 


a 




= X2 


(0,n) 


No 



Table 1. A summary of the data for the four possible S-matrices. The top two hues are the 
conventional magnon and mirror theories, whereas the last two lines are the same S-matrices 
but with the alternative dressing factor a. Note that only the middle two lines are consistent 
with relativistic crossing symmetry in the (7 — >■ 00 limit and so that includes the mirror theory 
but apparently not the ordinary magnon theory. 

while the new S-matrix involves replacing a with a which can then be written in terms 
of a using (4.21), to give 



SM2)i^i,z,) = a{z,,Z2f ■ ■ . (4.22) 



The magnon version of this manifests the bound-state s-channel pole at xJ = X2, or 
U1—U2 = —i and also the t-channel pole x^ = I/X2, or U1—U2 = i, on the sheet 7l-2,o- 
For the mirror version, both these poles lie off the physical sheet and the su(2) element 
has no bound-state poles. 



5 Constructing the Dressing Phase 

We now turn to the solution for the dressing phase a in the q deformed theory. The 
story of the dressing phase in the magnon theory is long and interesting and summarized 
nicely in the review article [42]. A conjecture for an integral form of the phase [37] 
was shown in [39] to explicitly satisfy the crossing equation (4.14) (for e = 1). A 
constructive derivation of the factor then appeared in [40]. We will draw heavily on 
these later two references as well as on the review [42]. 
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To start with we will assume that in the q deformed theory a{zi, Z2) has the same 
factorization as in the magnon S-matrix [30]:^ 

a{zi,Z2)=eyi:^i[x{.x't,xt)-x{.Xi,xt)-x{.x't,X2) + x{.Xi,X2)\ , (5.1) 

with xi^i-,^2) = —x{^2-,Xi) in order to ensure that the unitarity constraint (4.12) is 
satisfied. 

The first step of [40, 42] is to show that the quantity x(^i? ""2) = xi^i = x{ui),X2 = 
x{u2)) satisfies a Riemann-Hilbert problem. As a function of the Ui, x(^i;'^2) inherits 
the branch cuts of Xi = x{ui) corresponding to Ui G C. The Riemann-Hilbert problem 
takes the form 

x(mi + e,M2 + e) + x(mi + e,M2 - e) ,^ ^, 

(5.2) 

+ x{ui - e,U2 + e) + x{ui - e,U2 - e) = i log 6(mi, M2) , 

where G C and e is an infinitesimal such that ± e lie on either side of the cut. 
The solution of such a problem is then straightforward. Firstly, if we have the simpler 
problem 

F{u + e) + F{u-e) = G{u) , (5.3) 
then the solution can be written as^° 

F{u) = Ku * Giu) , (5.4) 

where we have defined 

* Giu) = ^ / ^ . ^P^Z^ . l--Giw) . (5.5) 

Using this integral kernel we can write the solution of the Riemann-Hilbert problem 
(5.2) as 

x{ui,U2) = iKu^ * * log6(Mi,M2) . (5.6) 



^Here, we are using the conventions of [39] (but with g — 2g). In [40, 42] x(xi, X2) is defined with 
the opposite sign. 

^°In order to show that it satisfies (5.3), one finds, using x{u + e) = l/x{u — e) for u <E C, that the 
two terms on the left-hand side of (5.3) almost cancel but leave an integral around the pole at w = u 
with a residue that is precisely G{u). 
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Then we use the identity 

The first term here is independent of u and does not contribute in the combination 
(5.1). We then change variables from w to z = x{w), in the second term, and to 
z = l/x{w) in the third term, to end up with the integral form [37, 40, 42] 

x{xi,X2) =i(f ^^—(f — log e{u{z), u{z')) , (5.8) 

2Tn z-xi 27rz z' - X2 

up to terms which do not contribute to the dressing phase due to the combination of 
functions in (5.1). The solution of the problem therefore boils down to specifying the 
kernel G(mi,M2) in the Riemann-Hilbert problem. Note that the unitarity constraint 
(4.12) requires 

e(Mi,U2)e(u2,Mi) = 1 . (5.9) 
In the string limit, the kernel has to satisfy the equation [40, 42] 

e..,(.„.,)— ' = { "'"'Lifr . ' , (5,10) 

where D = exp(|(9u^) is an operator that acts on functions to shift Ui: Df{ui) = 
f{ui + |). This yields the difference equation 

—j r = [U1-U2- -][Ui-U2+ -] . 5.11) 

©mag(Ml + 2'^2) ^ 2/V 2/ 

The solution of these conditions is not unique, but it was argued that constraints on 
the analytic properties of the dressing phase lead to the particular solution [40, 42] 

n ( \ r(l + mi-m2) 

©mag Ml,W2 = : — — ^ • 5.12 

1 (1 - lUi + IU2) 

For the interpolating theory the equation for the kernel is still (5.10) but now the 
map x{u) is modified and we can use this to motivate a solution for g 7^ 1. Using the 
modified map, the difference equation (5.11) now becomes 

e(Mi + |,M2) 
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up to multiplicative factors which do not affect the result. This suggests that the solu- 
tion should be similar to (5.12) with gamma functions replaced by g-gamma functions. 

rg2(l - mi + IU2) 

where the conventional g-gamma function satisfies the basic identity 



1 2x 

r,2(i + x) = -^r,2(x) . (5.15) 

1 — 



The expression (5.14) solves the difference equation, again up to multiplicative factors 
that we have not kept track of. Our ultimate justification for taking (5.14) comes with 
the direct proof of crossing later in this section. 

The conventional gamma function has the integral representation 

log r(l + x) = / \ ' , (5.16) 

Jo e — i 

valid for Re x > —1. We can write a similar kind of representation for the g-gamma 
function with q = e*'^/^:^^ 

iogr,2(i + x) = — 

dt e-*- - e^^-'^+i)* - x(e-* - 1)(1 + e^^-^)*) + e^^-^^)* - 1 ^^'^'^^ 
7 (e* - 1)(1 -e 



+ 



This representation is valid in the strip — 1 < Rex < A; (with k > 1) and returns to 
(5.16) in the large k limit. We can then use (5.15) to analytically continue to other 
regions of the complex x-plane. Note that the terms which are constant, linear and 
quadratic in x in (5.17) do not contribute to the dressing phase. This is either because 
they cancel when taking the logarithm of (5.14), or because the integral in (5.8), for a 
kernel which is only a function of Ui (or U2), vanishes as the contour of the z' (or z) 
integral can be shrunk to nothing. 

To summarize, our solution for the dressing phase in the interpolating theory is 

, f dz 1 f dz' 1 ^ T g2 (1 + iu{z) — iu{z')) (5 ig) 



11 



We do not know whether this representation has appeared in the hterature before. 
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We can find a useful representation of x{^i:^2) through its large Xi expansion: 

X(^u^2)^±'-i^. (5.19) 



r,s=l 

where 

f27r 11 r2TT 111 



C(gk)=i JIL e'r4>+^s<p OK^ KJ (5.20) 

^ Jo 27r Jo 271 ^ 1^2(1 -2M(e**)+m(e^*')) 

Notice that the image of |z| = 1 in the u plane lies along the real axis and so we can 
use the integral representation for the g-gamma function (5.17) to write 

where we have defined 

L^^t) = r^e'^-^{l + e + 2^cos^r''^''' . (5.22) 
Jo 27r 

In the limit k — )• oo, ^ — > 2TTg/k, and so 

Lr{t)^[ ^e'"V'3*=°^<^ = e-'""/V,(2^t) (5.23) 
Jo 27r 

and we recover the well-known series expansion of the magnon dressing phase with 
coefficients [34] 

. ^ . . 7r(r - s) dt Jr{2gt)J,{2gt) 

Cr.(^)mag = 2 Sm ^ / y ^ . (5.24) 



Direct proof of crossing 

In this section we consider the analytic structure of the dressing phase and show 
explicitly that it satisfies the crossing equation. Our approach mirrors very closely that 
of [39] and we draw on all of the techniques developed there generalized appropriately 
for the interpolating theory. In view of this we find it very convenient to use the same 
notation. 

In order that the crossing equation (4.14) is satisfied, we start on the sheet 7^o,o 
for which we take 

^0,0: x{xi,X2) = ^{xi,X2) , (5.25) 
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where the right-hand side is the integral expression in (5.18). In the region 7^o,0; 
\xf\ > 1 and \xf\ > 1, the integral representation manifests that the dressing phase 
a{zi, Z2) and its inverse are analytic in this region. 

Let us now consider the crossing equation (4.14) with e = 1. This involves ana- 
lytically continuing 7?.o,o -> Tli^ — )■ 7?.2,o, as illustrated in figure 3. The first change of 
sheet here involves crossing the curve = 1 which is the boundary of the validity 
of the integral representation. Crossing this curve involves an additive modification of 



the integral representation for the functions x{'^i^ "^f^ 



7^l,o : x{xt. xt) = $(x+, xt) - ^(x+, x^) 



(5.26) 



Note that x{xi,xf) is not modified since we still have \x]^\ > 1 on the sheet TZi^. 
^(3^1,3^2) is easily calculated as in the magnon case by picking up the residue of the z 
integral around the pole at z = xi to give 

= ^ — l°g '''i!^'t'i:11! - (5.27) 

J^^^^l Zm Z - X2 L q2[l - tu[xij + iu[zjj 

The function \l/(xi,X2) is itself a branched function of xi with cuts that are solutions 
of u{xi) = u{z) ± in, for n G Z 7^ and u{z) G C; that is 

Xi + — +^ + l = g^'" (^+- + ^+7)' {e"^' < < 27r} (5.28) 

Xi 4 \ ^ 4 / 

with < 1. If we choose to define x{u) on the sheet with \x{u)\ > 1 then the cuts 
are defined as 

xl"^ = \x= \ , w G e| . (5.29) 
L x[u ± in) J 

The cuts are illustrated in figure 4 for three choices of {g, k). 

The fact that there are multiple cuts on the sheet TZifl means that one must be 
careful to specify the path for the analytic continuation. As discussed at length in 
[39], the path must be chosen so that x^ crosses the cut x^'' first. This means that as 
we perform the second part of the analytic continuation TZi^ — )■ 7^2,0) which involves 
moving from a sheet with \xi \ > 1 to < 1, the variable x'^ also crosses the cut x*^^ 
since x^ G x^'' implies \xi \ = 1. So as we pass across \xY\ = 1 from TZi^ — )■ 7^2,0 two 
things happen: firstly, since = 1 lies at the boundary of the region of validity of 
the integral representation of $(x7,xf ), xixi,xf) picks up an additional contribution 
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Figure 4. The cuts in the x-plane for n = 1, 2, 3 (+ in blue, — in red) with n increasing 
as the cuts move closer to the origin. The unit circle is shown in black. The three plots show 
the cuts in the (left) string limit with g = 1, k = 50; (middle) intermediate regime k = 20, 
g = 3; (right) relativistic limit k = 8, g = 15. In the relativistic limit g — )• oo the left-hand 
branch points coalesce at x = —1 and the region of interest is the circular neighbourhood of 



of —^{x-^ ,xf) and secondly \l/(x^,x^) picks up its own discontinuity as in (C.3), with 
z{xi) = Xi , as x^ crosses the cut x^''. Putting this together, we have 



We are now in a position to prove that the crossing relation (4.14) is satisfied for 
{zi,Z2) G 7^0,0 with the choice of analytic continuation described above. Using the 
identity 



X = -1. 



Xixf, xf) = $(x+, xf) - ^(x^, xf) - i log 




(5.30) 



Xixi,xf) = ^{x^,xf) - ^'(xi ,a;f ) . 




(5.31) 



proved in Appendix C, and (5.30), we find that for {zi, Z2) G 7^o,o 




^0,0 |x J = 1 

\xt\ = 1 



Figure 5. The cut structure of o"(zi, Z2) in the g~2«it p^g^j^g sheets TZq fi, TZifl and 7^2,o- 

The red and blue cuts are identified. Note that the black cuts on the sheet TZifl corresponding 
to the cuts x^'*, n = 2, 3, . . . going anti-clockwise from the cut = 1 (which is x^^), and 
x^\ n = 1,2, .. . going clockwise from the cut = 1, of x(.^ijX2) become out of reach 
in the relativistic limit when all the inner branch points coalesce at the origin and the outer 
ones go to infinity. Also shown is the path for the analytic continuation zi — t- zi + a;2 ■ 




Then using the identity 

1-^1-^ 1 + 4 (5-33) 

= _,log-_^.-_^ + zlog^-^ , 

which follows from (C.5) proved in Appendix C, (5.32) becomes precisely the crossing 
equation (4.14). The cut structure of (1(^1,^2) is illustrated in figure 5. 

We have shown above that the crossing equations are satisfied between regions 7^o,o 
and 7^2,0- As explained in [39], in order to complete the proof of crossing one has to 
show that it is satisfied between regions 7^o,i and 7^2, i- We leave this straightforward 
generalization to the reader. 



The Relativistic Soliton Limit 

In the relativistic limit, the branch points of C, u±, move to =Foo. The cut C then 
corresponds to the infinite line Imu = (modulo k). The situation in the x plane is 
shown in figure 4: the left branch points of the cuts x^^^ all coalesce on x = — 1 and 
the limit is then determined by the behaviour in the neighbourhood of x = — 1. This 
has the important consequence that in the relativistic limit the dressing phase becomes 
a meromorphic function, as is required by relativistic S-matrix theory. In particular, 
the branch cuts at x'l G x^^^ for n > 1 on the sheet T^i^o are now hidden behind the 
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cut x^^ and the analytic continuation described in the last section becomes unique. 
The behaviour of the cuts near the relativistic limit is shown in figure 5. In particular, 
this makes clear why the additional cuts on the sheet TZi^ become out of reach in the 
relativistic limit. Note that the analytic continuation zi ^ zi + 002 corresponding to 
T^ofl "^1,0 7^2,0 corresponds to 9i Oi—in in the relativistic limit for the magnon 
theory, and 61 ^ 61 + in, for the mirror. 

In order to take the relativistic limit of the dressing phase directly, it is useful to go 
back to the expression (5.6) with (5.5). The map x{u) becomes (2.16) in the relativistic 
limit. Given that the kernel of (5.18) can be expressed as an integral using (5.17), then 
up to terms which do not contribute to the dressing phase 

dt (e-*("i-«2)< -e^("i-«2)*)(l + e(i-'=)*) 
loge(«,..) = y^ 7'^ (e. - 1)(1 - e-^') <^-^^' 

and we need to evaluate the integral 

y{u,t) 



271 r dw a;(u) - ^ g"™* 



k Je 2-ni x{w) - ^ 1 - g2i{«'-«) 
27r dw e"™* 



g->oo 



(5.35) 



k I 27ri e''('"~'")/'^ — e~'^("'~")/'= 



00 



Note that in the relativistic limit the contour C becomes the real axis. We can evaluate 
the integral by completing the contour at infinity and picking up the residues taking 
into account that \x{u)\ > 1 implies < Im-u < k. The poles are at w = u + ikn, with 
n G Z. Completing the contour at infinity in either the upper- or lower-half planes 
gives 

—iut 

^M = ^f (5.36) 
Hence, with Ui = ^kOi/ir, for the magnon and mirror theories, respectively, 

1 dt cosh((A;- l)t)sin(^) 
~^2 Jo T ' sinh(2/ct) sinh(t) cosh(H) ' 

(5.37) 

where to get the last line we have scaled t — )■ 2t and set 6 = 61 — 62- The latter means 
that relativistic invariance is recovered in the limit. Note that this integral is divergent 
at t = 0, however, the singular term cancels in the combination (5.1), that is 

a{9) = exp t [2x{9) - xiO - f) - xiO + f)] , (5.38) 
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with x(6') = x(^^i,6'2). It is easy to show that the latter expression yields 



a{9) = exp 



±2i 



2kef- 



dt sinh(t) cosh((A; - l)t) sin(^ 



t 



cosh(A;t) sinh(2fct) 



(5.39) 



with the upper/lower sign for the magnon and mirror cases, respectively. Notice that 
the magnon and mirror cases are related by 9 — )■ —9: 



a{9) 



magnon 



a{9r' 



magnon 



(5.40) 



It is reasonably simple to write the dressing factor (5.39) in terms of an infinite 
product of gamma functions; choosing the magnon case, 



a{9) 



magnon 



cosh(f + i) p(-g)p(g - ztt) 
cosh(f-f) p{9)p{-9-ni) 



(5.41) 



where 



p{d) = n 



-— + - + 1 + 



£=0 



2i7r 



)r(- 



2m 



(5.42) 



2k 



For the mirror case we simply use (5.40). These expressions manifest the fact the a{9) 
has no poles or zeros in the region | Im^| < vr in either the magnon or mirror cases. 

Taking the relativistic limit of (4.21) and using (5.41), the alternative dressing 
factor in the relativistic limit is 



a{9) 

which means that we can write 



magnon 



p{9)p{-9-i7^) 
p{-9)p{9-z7r) ' 



(5.43) 



a (9) = exp 



±2i 



2ket^ 



dt sinh(t) cosh((fc + l)t) sin(^ 
t cosh.{kt) sinh(2fct) 



(5.44) 



which is valid in the region | Im^| < vr — |, with the upper/lower sign for the magnon 
and mirror cases, respectively. Contrary to cr{9), the alternative dressing factor a{9) 
has a zero at 9 = in — which gives the t-channel pole of the magnon type S-matrix, 



and a pole at 9 
to 9^ -9. 



-in + 



These are then swapped over in the mirror case according 
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The magnon type S-matrix with a is precisely the S-matrix constructed in [5]. The 
exact relation to the quantity J^{0) defined in that reference is 



die) 



1 



cosh(f)sinh(f + i) cosh(f - f ) 
sinh(||) cosh(f + f) 



(5.45) 



It is interesting that the S-matrices of the magnon and mirror type are simply 
related by the parity transformation 6 — )■ —6.^^ Out of the four possible S-matrices it 
is only the two shown in table 1 that are consistent with relativistic crossing symmetry. 
This includes, of course the S-matrix constructed in [5]. The transformation 6 — t- —6 
has the effect of changing the bound states from the symmetric representations (n, 0) to 
the anti-symmetric representations (0,n), as we discuss more fully in the next section. 

6 Bound-State Processes 

The S-matrices that we have constructed have a complicated analytic structure: there 
are poles, zeros and branch points. In the relativistic limit things are simpler: the 
branch points disappear and the S-matrix is a meromorphic function. In this limit a 
special role is played by the physical strip, the region < Im^ < vr, which corresponds 
to the physical sheet in the usual s-parameterization familiar from S-matrix theory in 
3 + 1-dimensions. Simple poles in this region correspond to bound states propagating 
in either the s- or t-channel. Higher poles correspond to anomalous thresholds that 
become branch points in higher dimensions. ^'^ Unfortunately, we do not know the 
analogue of the physical strip — or sheet — in non-relativistic S-matrix theory. 

In the string limit, we know the energy and momentum of states and so there are 
conventional arguments that identify the physical poles. Note that the mirror theory 
has different energy and momentum from the magnon theory and so the physical poles 

^^The language "magnon" and "mirror" here refer to the behaviour of the S-matrix in the string 
hmit and not the relativistic limit. In particular, the relativistic limits of the magnon and mirror 
theories do not appear to be identical as one would expect in a relativistic theory, although this is 
only a puzzle if the "mirror map" is well defined for the interpolating S-matrix . We address this issue 
at the end of the next section. 

^■^Sometinies anomalous thresholds can give rise to simple poles. A classic example of this occurs in 
the S-matrix of sine-Gordon theory clearly explained in [52]. 

^^Note that in the magnon theory, the region TZqa is sometimes called the "physical region" however 
this is not the "physical sheet" of the non-relativistic theory; for instance the t-channel pole is on the 
sheet 7?.2,o and this must be on the "physical sheet" . 



- 29 - 



\k,Z2) 





\h Z2) 





1 




Xi — — 


X2 



Figure 6. The bound-state processes giving rise to simple poles of the magnon S-matrix on 
the sheet as indicated. On the left is the s-channel process and on the right the t-channel 
process. Note that the t-channel pole occurs on the sheet 7^2^,0 • Also shown are the rapidity 
differences in the relativistic limit. For the mirror case the s-channel pole is at = and 
the t-channel pole xf = 



will be different. For instance, if we take the magnon S-matrix, the pole at xf = on 
the sheet 7^o,o is physical and corresponds to the bound state (1,0) in the s-channel. 
As we g-deform, the interpolating S-matrix has this pole as is apparent in (3.4): each 



i?-matrix has a pole and ^(2:1, 2:2) has a zero at xf 



X n 



so overall there is a simple 



pole as expected. Note that the dressing phases a or a have no poles or zeros on the 
sheet 7^0,0- Crossing symmetry then implies that there should be a t-channel pole at 
Xi = I/X2 on the sheet 7^2£,o corresponding to the bound state (1,0). The question is 
whether the S-matrix has a simple pole at this point. The answer must be yes since 
the crossing equation (4.6) relates the S-matrix on the sheet 7^o,o on the left-hand side 
to the S-matrix on the sheet TZ2e,o on the right-hand side. Then the fact that the left- 



hand side has a simple pole at xj 



implies that the right-hand side must have a 



simple pole at xf 



X n 



This then implies that the S-matrix must have a simple pole 



at Xi = I/X2 on the sheet 7^2e,o corresponding to a bound-state in the t-channel. As 
we have argued, it is only with the dressing factor a that we get a consistent S-matrix 
in the relativistic limit. These poles are illustrated in figure 6. For the mirror theory, 
the physical sheet changes and now the s-channel pole is at Xi = and the t-channel 
pole at xf = l/x2- The s- and t-channel poles corresponding to the bound states are 
summarized in table 2. 



Other poles of the interpolating S-matrix should correspond to anomalous thresh- 
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type dressing bound states s-channel t-channel 



generic rel. limit generic rel. limit 



magnon 


a 


(n,0) 


xf 


= X2 


= 


in 
k 


= 


1 

X2 


e = -iTr-f 


mirror 


a 


(0,n) 


x^ 


= X2 


e = 


in 
k 


Xi = 


1 

X2 


e = i7r-f 


magnon 


a 


(n,0) 


xf 


= X2 


e = 


in 
k 


= 


1 

X2 


e = i7r-f 


mirror 


a 


(0,n) 


X ^ 


= X2 


e = 


in 
k 


xf = 


1 

X'2 


e = -iTT-f 



Table 2. This summarizes the positions of the s-and t-channel poles for the four possible 
S-matrices including the relativistic limit. Note that the f-channel pole is in the wrong place 
for the magnon S-matrix based on a and the mirror S-matrix based on a since relativistic 
crossing symmetry is violated for these theories. 



olds and some work in this direction appears in [37]. In particular, note that these 
"DHM poles" are located on sheets that are reached by crossing the cuts in figure 
5 and these sheets become out of reach in the relativistic limit. Therefore the DHM 
poles are not associated to anomalous thresholds in the relativistic theory. 

We know from either the magnon or mirror limits that the theories contain bound 
states transforming in (a product of 2 copies) of the atypical representations 

magnon: (a— 1,0) , mirror: (0,a — 1) , (6-1) 

a = 1,2, . . ., of the deformed algebra f/g(f)). For these representations, the shortening 
condition (2.8) generalizes to: 

[C]l-PK= . (6.2) 

As for the fundamental representation a = 1, one can introduce parameters x^, but 
now with a modified dispersion relation^^ 



(x- + ^)-,"(x- + ^)=(,"-,-«)(^ + l). (6.3) 



^^Notc in this regard that the DHM pole on the sheet reached by crossing the particular cut x^' is 
actually the t-channel pole and not an anomalous threshold. 

^^This generalized dispersion relation was also written down independently in [49]. 
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The shortening condition is equivalent to the dispersion relation if the central charges 
are given as in (2.7) where U and V are now given more generally by 






^X+ + 1 



= q 




+ 1 



(6.4) 



X 



: + 



A_ 

x+ 



+ 1 



In terms of the map x(m), we have 



X 



2 



) 



(6.5) 



In principle the S-matrix elements of the bound states can be found by using the 
bootstrap equations, as employed in the relativistic limit in [5]. However, the R-matrix 
on which the S-matrix is based can also be deduced on purely algebraic grounds as 
explained in [49]. The possible 3-point vertices are illustrated in figures 7. These 
couplings are relevant only in the mirror theory where there is a good relativistic limit 
in which case Va are the modules for the anti-symmetric representations (0,a — 1).^^ 
These vertices mean that the general S-matrix element Sab{,zi^Z2) should have four 
bound-state poles, two in the s- and two in the t-channel corresponding to bound- 
states Va+b and V\a-h\ in each case. 

The theory with G Z, so that g is a root of unity q^^ = 1, is particularly 
interesting because the spectrum of bound states is naturally truncated (a — 1, 0) or 
(0, a — 1), a = 1, 2, . . . , fc. In particular, this provides a natural regularization of the 
infinite spectrum of states in the magnon or mirror theory which are obtained in the 
limit — )■ cxD. 

A Possible Resolution of the Crossing Puzzle 

The picture that we have established is slightly unsatisfactory in the sense that 
the original magnon S-matrix does not seem to have a good relativistic limit when 
g-deformed. One possible way to rectify this feature arises from our lack of knowledge 
of the physical sheet of the S-matrix. It could be that at some intermediate values of 
g and fc, as we move from a neighbourhood of the string limit to one of the relativistic 
limits, the s-channel pole at = X2 moves off the physical sheet and the pole at 
x^ = X2 moves on to the physical sheet. This would mean that at that point in 
parameter space, the bound states (a — 1, 0), for a > 1, become unbound and (0, a — 1) 
become bound. If we assume this is the case, then to take the relativistic limit of the 

^^For the magnon theory with a one has to replace ■(->■ and Va are the symmetric represen- 
tations. 
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Figure 7. The three point vertices for incoming states in Va(x^ ) (8) Vb{x2 ) showing the 
rapidities in the relativistic hmit 5 — )• oo for the mirror theory. Those in the second hne 
assume that a > b. If 6 > a then the incoming states have xf = and the outgoing state 

space is Vb~a{x^ = ^'^3 ~ ^2 ) ^^"^ ™ relativistic hmit the incoming state space are 

Va{0 + i7: - ^-^) ^Vb{9 - ^) with an outgoing state space is Vb-a{0). 



q deformed magnon S-matrix with dressing factor a, the logic in part (i) on page 16 
implies 6 = +\u. Consequently the crossing relation becomes the correct relativistic 
one. Then in the relativistic limit the magnon and mirror S-matrices become identical, 
as expected in a relativistic theory. This would be consistent with the idea that the 
double Wick rotation has an action on the interpolating S-matrix and not just on the 
string and relativistic limits. Further work will be needed to clarify if this possibility 
actually is correct. 
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7 Discussion 



In this paper we have constructed S-matrices that correspond to a g deformation of 
the S- matrix of the magnons of the string world- sheet in AdS5 x S^. The main work 
involved finding the dressing factor that ensures the unitarity and crossing symmetry 
of the theory. We pointed out an ambiguity in defining the crossing equation in the 
non-relativistic S-matrix theory that gives rise to two different dressing factors a and 
a. This allows for the existence of four distinct S-matrices: the magnon and mirror 
S-matrices with either (7 or a as dressing factor. Once these S-matrices are embedded in 
the larger theory incorporating the q deformation, then consistency with the relativistic 
limit fixes the ambiguity. The deformation of the original magnon S-matrix does not 
satisfy crossing symmetry in the relativistic limit but the mirror S-matrix does. This 
means that one can define a TBA system for the interpolating mirror theory and this 
would be interesting to investigate. 
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Appendices 



A Uniformizing the Rapidity Torus 



In order to find the rapidity torus, we note that the algebraic equation (2.5) defines 
an elhptic curve. This can be shown directly by writing the algebraic relation in 
Weierstrass form, generalizing [28] for the magnon case. A more direct approach which 
also leads to the rapidity torus is to find an explicit parameterization of in terms of 
Jacobi elliptic functions. This was done partially in [2]. The curve turns out to have a 
modulus 



K 



g \ k 

which has the well-known string limit k = Aig. We also define the conventional squared 
modulus m = = —IQg'^/g'^}^ After some trial and error (and more knowledge of 
elliptic functions than is healthy) one can find the expressions for x^ in terms of Jacobi 
elliptic functions for a torus of modulus k,^^ 

+ J_ g^irdn(z) - i{q^ - 2g^{q - lf{q + 1)) - 8ig'^g-^q{q - 1) sn^(2:) 
^ 2^2 ■ 2g2^rcn(^)sn(^) + g(g-l) + 2(2c/2(g_l)2(g + i)_g2)gn2(^) ' 

(A.2) 

where r = a/1 — Ag'^{q^/'^ — q^^/'^y, with x^{z) given by the same expression with 
q ^ q^^ and i ^ —i. In the string limit g — )■ 1, we have 



(cn(z) =F 2sn(z)) , (A. 3) 



Ag sn{z 

which are the known expressions in that case. 

A convenient choice of periods of the rapidity torus is 2ui = AK{m) and 2u2 = 
AiK(l — m) — AKlm) since, assuming g is real and positive and g is a complex phase, 
then ui is real and U2 is purely imaginary. The crossing symmetry antipode operation 
corresponds to a shift by half a period positively or negatively in the U2 direction: 



^®We use the Mathematica convention that the elhptic function K ~ K{m) and K' — K{1 — m). 
^^Our expressions are consistent with the expression (2.67) of [2] for the original variables i*. 
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In the relativistic limit (7 — )■ oo, we can use the s — > asymptotic forms 

K{-l/s) ^ ^ log(16/s) , K{1 + l/s) ^ ^ (tt - z log(16/s)) , (A.5) 

to show that at leading order 

wi A/slog(16/s) , UJ2 ^ 'niy/s , (A. 6) 

with s = (64(yf^sin^ f )~^- ^^^^ limit, both periods vanish, however 0J2 vanishes faster. 
This suggests a re-scaling z = —^/s9, which in the relativistic limit has a periodicity 
oi 9 9 + 2772 in the u:2 direction and divergent periodicity in the ui direction. In this 
limit, 

sn(z) -A/ssinh(6') , dn(z) cosh(6') , (A.7) 
along with cn{z) — 1, and so one finds the relation (2.16) along with (2.17). 



B The Magnon S-matrix 

In this appendix, we survey some of the literature regarding the magnon S-matrix 
and crossing symmetry in order to establish our conventions and show they relate to 
other works. This is not intended to be a comprehensive review of the literature. In 
particular, we will concentrate on the S-matrix in the su(2) sector that is for zi) ® 

l^"^'*; Z2) -> 10'^^; Z2) ® irr; zi). 

We begin with Janik's paper which established how to formulate crossing symmetry 
[28]. In this work, the S-matrix elements are based on the i?-matrix of Beisert [53] which 
are precisely the g — )■ 1 limit of the i?-matrix of [2] written in (3.2), (3.3) (but without 
the UiVi factors). The S-matrix in the su(2) sector is taken as SqA\2 that is 

Ssxx{2){,Zi, Z2) = So{zi, Z2) / ^ . (B.l) 

Janik's crossing equation can then be written as^" 



S'o(2l + 072, Z2)Sq{zx, Z2) = 




(B.2) 



Note we have wi -s-> 0:2 relative to Janik. 
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Now we turn to Beisert's paper [54]. It uses the same conventions as Janik above 
and writes the S-matrix element in the su(2) sector as 



1 Xo X. xA 



Ssu{2){Zl,Z2) — — ■ ^ ■ \^ . (B.3) 

a{zi,Z2y xj-x^ 

The dressing factor then satisfies the crossing equation — eq. 9 — (in our notation) 



a{zi + U2, Z2)a{zi, Z2) = ^ ■ — -■- '-j^ , (B.4) 

X2 x^ X2 1 + - 

which is precisely (B.2) re-written in terms of cr. The form of the crossing equation 
(B.2) appears as eq. 3.59 and 3.60 in [33] although without the square since there is 
only one i?- matrix factor in that reference. 

The crossing equation (B.4) appears in the review article [55] for the S-matrix in 
the su(2) sector — eq. 3.94 — written as (in our notation)^^ 



Ssui2){zi, Z2) 



a{zi,Z2Y x^xt xX-X2 ^3 5^ 

1 xXx2 Ui — U2 — i 



a[Zi,Z2Y X1X2 UI-U2+1 

We have not written the factors involving exponentials of Pi as these can be removed 
by a simple re-definition. Note the factors of xf which can be re-defined away for 
the single element su(2) as above in (B.l) and (B.3), but then this would affect other 
elements of the S-matrix. We prefer to leave these factors in the definition of 5*5^(2) 
since they appear naturally in the g — )■ 1 limit of the i?-matrix in (3.2). The crossing 
equation eq. 3.118 written in terms of a is then identical to (B.4). 

In many references the su(2) S-matrix written is the inverse of the one written 
here. Using unitarity (4.2) this is equivalent to a parity transformation zi Z2- For 
example, in [30] the su(2) S-matrix written in eq. 3 with 5 = 1 is the inverse of (B.l) 
and (B.3) with — )■ cr. However, the crossing equation eq. 12 with Xj = xi and 
Xk = X2 is identical to (B.4). 



^^In this reference Sq — S, 



511(2)- 
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C Some Useful Identities 



In this appendix, we establish some identities that are needed in the proof of crossing 
symmetry. For the most part, these identities are either identical or simple generaliza- 
tions of those estabhshed in [39]. 

The first identity takes the identical form to the magnon case: 

^Xi,X2) + ^( — ,X2)=^0,X2), (C.l) 

where ^{xi,X2) is the integral defined in (5.18). This is easily proved by changing 
variable z — )■ z~^ in the second term on the left-hand side of (C.l) and then using 

1 1 

— r = — (C-2) 

Xi — Z^^ X\ — z z 

The second identity involves the discontinuity of the integral \E'(xi,X2) across the 
cut x^"*; for xi G x^'': 

^^(e'xi, X2) - ^(e 'xi, X2) = -I log 1 , (C.3) 

where e is an infinitesimally small positive real number. Here, z{x) is the solution of 



^ + - + ^ + l = r''yz + - + i + -j , (C.4) 

with \z{x)\ < 1. This follows from integrating by parts in (5.27). When the cut x^'' is 
crossed a pair of poles aX z = z{e~'^x) and z{e~'^x)~^ from the g-gamma functions cross 
the unit circle \z\ = 1 and the difference on the left hand side of (C.3) picks out the 
residues to give the right-hand side. 

The third identity states that for \xf\ > 1 and \x2\ > 1, 

*f4,X2) =~i\ogf-^^-'^^-^] (C.5) 

\Xi / \X{ / L X9 Xo + t -i 



which is equivalent to (8.4) of [39] in the string limit when ^ — > 0. The identity relies 
on writing each function above as an integral using (5.27). This gives the right-hand 
side as 



dz 1 , lTq2{l + iu{xi) - iu{z) + l)Tq2{l - iu{xi) + iu{z) + I)'' 



i (b log 

^1^1=1 2711 Z- X2 



Tq2{l — iu{xi) + iu{z) — 2) rg2(l + iu{xi) — iu{z) — 2) 



(C.6) 
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Then we use the definition of the g-gamma function to write this as (5.15) 



dz 



log 



1^1=1 2TXiz- X2 

dz 1 

1^1=1 2'Kiz-X2 



2i(u(x-^ )—u{z)) q2i{u(z)—u(x'l^)) 



log 



1 - g2 1 _ g2 



1 - 



^ X, ^ t. 



1 



(C.7) 



Note that the 1 — pieces do not contribute. Integrating by parts and then picking 
up the poles at 2; = 0, — ^, -\ and gives the result. 



References 

[1] N. Beisert et al, arXiv: 1012.3982 [hep-th]. 

[2] N. Beisert and P. Koroteev, J. Phys. A 41 (2008) 255204 [arXiv:0802.0777 [hep-th]]. 

[3] N. Beisert, J. Phys. A 44 (2011) 265202 [arXiv: 1002. 1097 [math-ph]]. 

[4] B. Hoare and A. A. Tseytlin, Nucl. Phys. B851 (2011) 161 [arXiv:1104.2423 [hep-th]]. 

[5] B. Hoare, T. J. HoUowood and J. L. Miramontes, arXiv: 1107.0628 [hep-th]. 

[6] M. Grigoriev, A. A. Tseythn, Nucl. Phys. B800 (2008) 450 [arXiv:0711.0155 [hep-th]]. 

[7] A. Mikhailov, S. Schafer-Nameki, JHEP 0805 (2008) 075 [arXiv:0711.0195 [hep-th]]. 

[8] M. Grigoriev, A. A. Tseythn, Int. J. Mod. Phys. A23 (2008) 2107 [arXiv:0806.2623 
[hep-th]]. 

[9] J. L. Miramontes, JHEP 0810 (2008) 087 [arXiv:0808.3365 [hep-th]]. 

[10] T. J. HoUowood and J. L. Miramontes, JHEP 0904 (2009) 060 [arXiv:0902.2405 
[hep-th]]. 

[11] T. J. Hollowood and J. L. Miramontes, JHEP 0908 (2009) 109 [arXiv:0905.2534 
[hep-th]]. 

[12] R. Roiban and A. A. Tseythn, JHEP 0904 (2009) 078 [arXiv:0902.2489 [hep-th]]. 

[13] B. Hoare, Y. Iwashita and A. A. Tseythn, J. Phys. A 42 (2009) 375204 
[arXiv:0906.3800 [hep-th]]. 

[14] B. Hoare and A. A. Tseythn, JHEP 1002 (2010) 094 [arXiv:0912.2958 [hep-th]]. 

[15] Y. Iwashita, J. Phys. A 43 (2010) 345403 [arXiv:1005.4386 [hep-th]]. 

[16] T. J. HoUowood and J. L. Miramontes, JHEP 1010 (2010) 012 [arXiv: 1006.3667 
[hep-th]]. 



- 39 - 



[17] B. Hoare and A. A. Tseytlin, JHEP 1011 (2010) 111 [arXiv: 1008.4914 [hcp-th]]. 

[18] T. J. HoUowood and J. L. Miramontes, JHEP 1104 (2011) 119 [arXiv:1012.0716 
[hep-th]]. 

[19] D. M. Schmidtt, JHEP 1103 (2011) 021 [arXiv:1012.4713 [hep-th]]. 

[20] T. J. Hollowood and J. L. Miramontes, JHEP 1105 (2011) 062 [arXiv:1103.3148 

[hep-th]]. 

[21] M. Goykhnian and E. Ivanov, JHEP 1109 (2011) 078 [arXiv:1104.0706 [hep-th]]. 

[22] T. J. Hollowood, and J. L. Miramontes, JHEP 1105 (2011) 136. [arXiv:1104.2429 
[hep-th]]. 

[23] D. M. Schmidtt, JHEP 1111 (2011) 067 [arXiv:1106.4796 [hep-th]]. 

[24] Y. Iwashita, R. Roiban and A. A. Tseytlin, arXiv: 1109.5361 [hcp-th]. 

[25] G. Arutyunov, S. Frolov and M. Staudacher, JHEP 0410 (2004) 016 
[arXiv:hep-th/0406256]. 

[26] N. Beisert, M. Staudacher, Nucl. Phys. B727 (2005) 1-62. [hep-th/0504190]. 

[27] N. Beisert and A. A. Tseytlin, Phys. Lett. B 629, 102 (2005) [hep-th/0509084]. 

[28] R. A. Janik, Phys. Rev. D 73 (2006) 086006 [arXiv:hep-th/0603038]. 

[29] R. Hernandez and E. Lopez, JHEP 0607, 004 (2006) [hep-th/0603204]. 

[30] G. Arutyunov, S. Frolov, Phys. Lett. B639 (2006) 378-382. [hep-th/0604043]. 

[31] L. Freyhult and C. Kristjansen, Phys. Lett. B 638, 258 (2006) [hep-th/0604069]. 

[32] N. Beisert, R. Hernandez and E. Lopez, JHEP 0611 (2006) 070 
[arXiv:hep-th/0609044] . 

[33] N. Beisert, J. Stat. Mech. 0701 (2007) P01017. [nlin/0610017 [nlin.SI]]. 

[34] N. Beisert, B. Eden and M. Staudacher, J. Stat. Mech. 0701, P01021 (2007) 
[arXiv:hep-th/0610251]. 

[35] G. Arutyunov, S. Frolov, M. Zamaklar, JHEP 0704 (2007) 002. [hep-th/0612229]. 

[36] I. Kostov, D. Serban and D. Vohn, Nucl. Phys. B 789, 413 (2008) 
[arXiv:hep-th/0703031]. 

[37] N. Dorey, D. M. Hofman and J. M. Maldacena, Phys. Rev. D 76 (2007) 025011 
[arXiv:hep-th/0703104]. 

[38] N. Gromov and P. Vieira, Nucl. Phys. B 790, 72 (2008) [hep-th/0703266]. 

[39] G. Arutyunov and S. Frolov, J. Phys. A 42 (2009) 425401 [arXiv:0904.4575 [hep-th]]. 

[40] D. Volin, J. Phys. A 42 (2009) 372001 [arXiv:0904.4929 [hep-th]]. 



-40- 



[41] M. Kruczenski and A. Tirziu, Phys. Rev. D 80, 086002 (2009) [arXiv:0907.4118 
[hep-th]]. 

[42] P. Vieira and D. Volin, arXiv:1012.3992 [hep-th]. 

[43] G. Arutyunov and S. Frolov, JHEP 0712 (2007) 024 [arXiv:0710.1568 [hep-th]]. 
[44] G. Arutyunov and S. Frolov, JHEP 0903 (2009) 152 [arXiv:0901.1417 [hep-th]]. 

[45] D. Bombardelh, D. Fioravanti and R. Tateo, J. Phys. A 42 (2009) 375401 

[arXiv:0902.3930 [hcp-th]]. 

[46] N. Gromov, V. Kazakov, A. Kozak and P. Vieira, Lett. Math. Phys. 91 (2010) 265 
[arXiv:0902.4458 [hep-th]]. 

[47] G. Arutyunov and S. Frolov, JHEP 0911 (2009) 019 [arXiv:0907.2647 [hep-th]]. 

[48] Z. Bajnok, arXiv: 1012.3995 [hcp-th]. 

[49] M. de Leeuw, V. Regelskis, T. Matsumoto, arXiv: 1109. 1410 [math-ph]. 
[50] N. Beisert, W. Galleas and T. Matsumoto, arXiv: 1102.5700 [math-ph] . 
[51] J. L. Miramontes, Phys. Lett. B 455 (1999) 231 [hep-th/9901145]. 
[52] P. Dorey, "Exact S matrices," [hep-th/9810026]. 

[53] N. Beisert, Adv. Theor. Math. Phys. 12 (2008) 945 [hep-th/0511082]. 

[54] N. Beisert, Mod. Phys. Lett. A 22 (2007) 415 [hep-th/0606214]. 

[55] G. Arutyunov, S. Frolov, J. Phys. A A42, 254003 (2009). [arXiv:0901.4937 [hep-th]]. 



-41 - 



